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ABSTRACT

: _Theoretical'seif—consistent'beam models have heen developed whiehiallow,the

N : . ' A .
. propagation of relativistic electron fluxes in excess of the Alfven—Lawson critical— g
_current'limit for a fully neutralized heam._ Development of a simple, fullv relaw"
t1v1stic, self—consiqtent equ1librium is described which can carry arbitrarilv large: s

'_current at’ or near complete electroetatic neutralization. ,A discussion of-a model

r'; for magnetic neutralizatlon is presented wherein it is qhown that large numbers of

'regardless of the magnitude of the beam current. ; f_ -

electrons from a background plasma are counter-streaming slowly within the beam 80

that the net current density in the qutem, and therefore the magnetic field is

' .nearlyrzero. A solution of an initial—value problem for a beam-plasma system is :
ligiven which indicates that magnetic neutralization ean be expeeted to occur for'
" plasma den91ties that ‘are’ large compared to beam densities.ﬂ It is found that the R

._application of a strong axial magnetic field to a uniform beam allows propagation :




I. - INTRODUCTION

Theoretlcal 1nterest 1n-relatrv1stic electron beams began with
W. H. Bennett s 1934 paper in which he p01nted_out_that-electro—
statlcally neutralized high current electronnstreams can'be’
' 'hmagnet1ca11y self—focu51ng " H. Alfvén? was motlvated to conslder S

: charged partlcle beams in order to explaln certain observations

concernlng cosmic rays. He derlved an upper l1mit to the pOSSlble
'[current of cosmlc rays that can propagate through space in a glven
1d1rection. His model was a cyllndrlcally symmetric, monoenergetlc,:.

_uniform current den51ty stream of 1dentica1 partlcles, and he assumed

. that the’ 1onlzed matter in 1nterstellar space would 1nsure electrical

"neutrallzat1on.--The current llmlt IA,'which'Alfvén derlved is due‘;
:to the p1nch forces of the beam s self-magnetlc f1e1d and is of

-_order glven by :

lA = 1700087famperes,__ ';1‘.-{ﬁ-filffh.o.n(l,l):;l'
' 'where B is the partlcle stream veloczty d1v1ded by the velocity of

i 1 . .
'1lght and Y= (1*82) 2, Qualltatively, it is easy to see how thls

. limlt-comes .about. The unlform current: density assumptlon :mel:l.es ot

a magnetlc f1eld W1th1n the beam proportlonal to radlus and electro-f_ :

R statlc neutralizatlon implles that the energy is a constant. Therefore,*f-

“we are. able to integrate the. equatlons of motion ‘to: obtain the partlcle L

Zﬂ' trajectorles (see Eq. (2 66)) shown in Fig. 1. (They are drawn for

' particles w1thout angular momentum ) If the net current included




p—

‘within the maximum radial position of a particle is Small'cqmpared'to:

IA; its motion is apprcximately SinuSOidal, as:shcwn by trajectory'a ;

~in Fig. 1. As the included current increases; the,trajectory passes

- through the beam axis -at a greater angle (traJectory b) untll at an-'

_1ncluded current of 170008Y amperes, the partlcle passes through the

_ax1s perpendicular to 1t (traJectory c) If the included current 1sf

.;increased still further, net partlcle motion is soon, backward -as shown

by orbit e, and the extreme case of orb1t f. Therefore' we cannot _'

have currents in excess. of about IA under the above assumptions. Itl,'r“'

should be noted that thlS 11m1t is lndependent of any. physical dlmensions.'.

The beam current can’ he written
Iz NeBe = 17000v8, - - ey

where v is the number of eléctrons per classical electron radius -

BNER = 2,82x10715 peters ).of beam length,

"“f(1-3)

:--current in th1s model 1s 11m1ted to v 5 Yoo The veloc1ty of light is c,r__f

' ffe is the magnitude of the electron charge o is the electron rest mass,- :

.and e “is. the perm1ttiv1ty of free space.

J. D. Lawson also con31dered the unlform beam model in treatlng]

'“fboth partially and fully electrostatically neutrallzed electron beams.s
.-He arrived at a current llmlt of. I for a fully neutralized beam by
farguments similar to Alfvén § as’ well as by 51mp1y requiring that a beam i i

';“;qﬁelectron Larmor radius 1n the maxrmum self-fleld of the bearlof the same ,r_f
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ﬂS?&ér as_the,beaﬁ;raaies?..for an arbitrary fractioﬁai'electrostatic: 
"'ﬁeutralizetion,rf, Lawson obtained a'current 1imit of 1700083Y/(82 f*l)
.In prlnc1ple, then, arbltrarlly 1arge currents could be carrled by a
uniform beam if one_carefully_adjusted_f to be 1-82, or'at,;east with- -
..in.the range.given by' | |
_'_1-6_?_-%53> £ > 1~ 82 ;Sz . .‘ '-_"__,-_*-.'_(1_,4)
‘ é_balancing ect.which is:difficult to.do.exﬁerieeetailfjif;ka;ie to'__”
fbe;laroe compared to one. | Ll R |
Led by J. C. Martln and hls co-workers of the.Unlted Klngdom 2
. Atomic Energy Authorlty,_a high voltage pulse technology has recently
”jbeen ‘developed Wthh is capable of the’ productlon of short (<10_7
second) bursts of relat1v1st1c electrons w1th currents in excess of
‘ iA.h'lo. The two most strlklng experlmental“results toloate-are the
| follow1ng: '1;}7 At 1ow amblent pressure (s 01 torr) in the beam drlft
o.reglon, Graybrll Uglam and Nablo.were. unable to propagate beams with ;;:
'1more current than about 1/2 IA 11 2.) At hlgher amblent pressuree- L
L {;.l torr), Yonas and Spence12 and Andrews,-ggrglgflsoheve_propagatedﬁ
Locerregts #éll 9ver€IA. B S T .

f réﬁe first.obeervation'fiteziﬁ well'with.theicdrrenttiiﬁifstfor‘r
rneutra;ieed beemstof.eitVée aed La&son;'rThe-eecoeé-reselteiﬁoeever,f_.
'ied-us to;the deveiopment.ot theoreticel,feeiféconsieteettteaeimodelst;%e'
whlch allow the propagatron of relat1v1st1c electron fluxes ln excese

" of IA In Sectlon II. we present and develop a 51mp1e, fully relat1v1s-;

'.tlc self—con51stent equlllbrlum whlch .can carry arbltrarlly large ;  .

l-currents_when near or:at complete-electrostat;c-neutralrzetlon. R




"LA second p0551b1e.way to. propagate arbltrarlly 1arge currents is 1f
' ;the beam is magnetlcally neutrallzed as well as electrostatlcally
: neutrallzed By magnetlc neutralization, we mean that 1arge numbers .
- of- electrons from a bacquound nlasma are counterstreamlng slowly |
-h_w1th1n the beam so that the net current denslty in the system, and '
.-_therefore the magnetlc fleld, is nearly zero. There wouldjthen be _C

_‘no flelds actlng on the partlcles of the beam and (1gnor1ng the

“obv1ous problem of 1nstab111t1es) they would propagate in- nearly
1stra1ght 11nes. In.current 11m1t termlnology, the llmlt would be-.hT
'_170003 y/[szfl £) - a-n1, .whe_re'fm is the ~f—ractionalmagn.et_‘lc,_-.:"_.
. or current{ neutrallzatiOn.. This;modefofﬁbeam.prbﬁagatidhlhasbeén-"
..proposed by Yohaszand'Spence, Andrews,'etsal;,tahd'otherslu aas the~frl:
' mechanlsm respon51ble.for the second experlmental result glven above,._'
hand some experlmental verlflcatlon of thls has been obtalned by
fﬁthese workers.. In Sectlon III,_we solVe ah 1n1tlal value problem o
' ,ifor a beamrplasma system whlch 1ndlcates that magnetlc neutrallza—l_jt
~tion as descrlbed above ‘can be expected to occur ~for . plasma den51t1es
_large.compared to beam den51t1es..'Ia Sectlon IV; we, apply a.stroog:‘
.'axlal magnetlc fleld to a unlforc beam and flnd that.lt w1ll then =::h

. be able to propagate regardless of ‘the . beam current




II. NON-UNIFORM EEAM EOUILIBRIUM

. We. wish to consider here a fully relativistic equilibtiumjelectrOh

" beam solution‘to-the Vlascv Equation,

CUBf o 3f - L3

~£+w£-wwmﬁfﬂu”;g e

3t 9x

- and the releVant Maxwell's quatiqns,__

rE-fe T

» ThelelectriC'field and magnetic.induction are E and B respectively,

| ef is the;electron dlstrlbutlon functlon, v Efand -e are the

- -electron yelbc;ty,;momentum-and charge, respectlvely, and i and P
arebtbe-cctrent aee!chargebeéasrtxes., We are.. u51ng HKS units so that
(u.e:)_% = c, the free sbace veloc1ty of 11ght The beam is 1nfin1te1y;
long and elthout Qarlatlon in the z dlrectlon, cyllndrically symmetrlc,.
Vﬁand confaned to a.fin1te.rad1us,:b. We also. assume an immobile_

: p081t1ve ion background which partially or fully neutralizes the _:i
lectron beam charge den51ty.: There are no external fields.--f‘t

| The constants of the motlon for an’ electron in the assumed
afbeam_a:e_the'Hamlltcn;an,_H;*the canon;ca; axial_momentum,bP;,:and.n-

. the_angular @omentum;;pé;nwhichgare'given-by'f

i

y(r)mc D= e@(r)

CeluZe? + p2 r @ A (r)) 12 - e¢(r> fjf;}.?“.15*-;s}1(z;4)jf,:-;;;ﬁ;ffi



- eA | S T(Z.S)i
' z o o S

R L .

_P._=-Ymv -_EAZ

Py = ymriu _Ym(xyy ) . (. )

@(r) and A (r) are the electrostatic and magnetlc potentials which
:_ are functlons only of T, the radlal p051tion. The electron mass is’ m,..“
'_w is its angular veloc1ty, and P, .and P, are the electron & parallel o
..:;and perpendicular (relat1ve to the z axis) ordlnary msmenta, respeetlvely.
_Any functlon of these constants of the motlon is a solution to. Eq. (2. 1)’1'

'-5so we choose the partlcularly 31mple, but 1nteresting case of mono-.':

'-energet“c,electrons having the same axlal canonlcal momentum,'i

& £, <r,e) X a(H—e ) G(P'—Y v ) L e

'3@}De£iﬁing;A2§r=0}3¥10 @(r*O), we. have from Eqs. (2 4) and (2 5)

:that_meand:Vz,are”the values of Y and v, for an electron atr =_Ot'
'Tandathatfé”-=~y mcz.- C, 1s a normallzatlon constant to. be determlned

"The flrst two moments of this distrlbutlon function are

@ o 211‘

@ n @) j dR_ £ (r,p_) =/ dp £ P, dp,_g e f (r,p_) (2 8)
R T T "p‘*
ne<v > = f sz { P dEL £ de f (r B) H_L_..' gzjféf 'ft'.'f'(zfg)?f

(Since f_'and y are even functions of p , n <v.> =0 and n <v > =0.)"
. e - ; ) .- x - e X - : _.‘e. Y _

- Because of théfé fﬁnetioh_in P, we can write .




B

":Ffﬁé'ﬁ-funCﬁiqné'Eﬁ thez

,(1-+ ? ? . +-mi d g ] e, @10)

where

n

CuE {1g+f~5—3~? L Q42

~and we change the varlable of 1ntegration from RL to u, Performing

. the ¢ and p 1ntegratlons, therefore, gives

SC0 T

'-: n, (r) ZWC { udu(mca)2 G(mc au-e¢~e ) J:_:f;f{:<;”;:'(2§13a)

Y mV +eA

7.11 Jﬁé%§z5 = ZFC { (mca)2 G(mc au—e@—e ) : (2913b)

ns are zero over the whole range -

~ of the u-integration unless e@%&4eé-3;mggq. Thus, we’ have

CnC(evde )

where b is definéd.by :

B +e¢(b}

.:.m

1_+7 o 2 2 B ;;  _ ..  : (2,11): '_': ff?"'




" and is'thetbéam'radius._;(ﬁe'have assuméd'that the § function argument .
 has at most one zero over the interval of integratinn, which checks
out later.) . Since 5(0) =0, Ce = ne(O)CZ/ZWEe,_and we obtain
. : ne(O) (1+ EE‘I) r‘ 1 T b

ne(r) = 4 .- o K (%._16)

-} -—----~---€e {y ny_ted, (r)] r<b.

M S >= B = ‘,_" _ _: ?”ﬁj;,a.:: (2 17)

Wé can now’ obtaln the self-fields cf the beam assuming that
the background 1ons prov1de a charge neutralization fraction f

.0 Slfﬁétl.; The potential equatlons obtained from Eqs. (2 2) and (2 3)

: _-__:ggf.-u_né(o) [1+ :2']- L b

- %o Lo -

(VxB) , = "_[_v'x_(v:x_é)]z_"=,...__V2Az. = 4 8 .- o 2a9)
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' Let

S e

A sef—0 2 8 9.2 0 (2.200)
N o E E Coen o .
o . Oej_ : . o R

'I'hen Eqs. (2 18) and (2 19) for r <b assume the fornr of modif:l.ed
' Bessel equations of order zero for dependent variables Q-(b and A —A .

Ta.king the solution for wh:l.ch @(0) A (0) there results ,'

o) - EEET | | (2 21)

o {1-1, '(—(1—f)J")}—,-—— (1-f)1' ¢ Il[--(l—f)‘Z‘} .b

e _ . =._e

LA = e e ‘<2 22)-:-'

R




i1 -

' Where I' is the modified Bessel function of fhe'first kind and orderfm.'
The solutlons for r > b were obtalned by integratzng from r = b.

" These give for the electric and magnetlc fields, _ ﬂ . )

R | _Le
Er(r) =..-ﬁ . o

& M_. ( (1 f)%‘]
’ E

o D7, (3-(1ef)%f] " r<b
o L Le : _ B o o
2.23)

o rL

L

Be(md =4 e{r o -'~-f'r*effi'T”,?;_,' .(2.24)

Tftels by S e
e T e o B

' t If we substifute.fobr,r_i_b'into'Eqs;-(2;&) and (2.16), we obtain

e <r) R
Cn o I ( (1 £ 'j

.'- :eThen using A from Eq. (2 22) and n, (r) from (2 25) 1n Eq. (2 17)

T egives _f7

-f;?ﬂj ~_]' Thus,'51nce I (0) , 1f the beam is neutralized (f 1) the }"

'_ den51ty is uniform, as 1is- y. However, the axlal veloeity distribution'5 '

@.25)
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e e (and therefore jz) are far from uniform for -E*”l,_becausel5 '
S : T o o i e :

oX ' 4n2;1 . o R -
I (X)” ""-r (l - 'ii?"-* van) - for x »>1. . (2.27)
: (Zﬂx)'f | T BN

Slnce v, (b) is llmlted by c, thlS means that V, << e,

The c1rcumstance under whlch ET->> 1 is that the total current

I, belng carrled by the beam be 1arge compared to IA, as we . shall now -
_show. From (2 24) and Ampere 8. Law,.:
e mel

SN e . .
1= LoéBedl Iy 2T Yoby, L R 1( ) B (228)

a_Defining I for thls non-uniform beam analogously to ‘one of Lawson s

.derivations.of it3 e take IA as the current for which a beam electron

fiLarmor radius RL’ is half the beam radlus. :

'aUsing-Eqs.c(2;24) - (2.26), we readily_dbtaiﬁ .

. 4weomc3_ . el R :
T, e - ) S a3y
I,= e YoB, (b) -;TOOQszsb)Yoi::ffi;“j e ( 3_)5:

.'_' whefe Bz(b) = vz(b)/cf Therefora'

[
o
QT&
-

|
|
N
ﬁ[d
K=
I:"Il:r'
1
£

b
m
=
o
—~—
S
1]




";j .ha..h”the.aeymhtotic foru.cohihg-for %— >>.1t This.says that.atbitrarily_
: large”current can he.carrieo witﬁih a.giveﬁ radius;.h,.so‘longoas'
“the sheath-thicknees;.Le; is sufficieutly small compared to.bgeeu'
80 long as. the beam can be created with sufflclently high -density.

. Note that L is the usual colllslonless skin depth = -where  :_
_ : | '  , pb N
o ne(o)eé' : LT I
w2 ETUe— @3
Py Y_oEo_._ o T '
-f_1s the electron plasma frequency of the beam for all r (on account of
. 25)) Hence, if 1 >> I,,E _and B, dr0p off nearly exponentlally:
Z_inside of T = b, becomlng small compared to the1r*max1ma~inside the~
devth-;—— fromr = bfi ThlS means that partlcles wh1ch start out at
' : pb:.‘ : . _
B . T =-h-with v fe= V I @Lﬂ (for f l) leave the region of hlgh
: e S :
magnetlc f1e1d before they have had a chance to furn’ around as they
Z'could in the unlform beam case, Fig. 1.
Eveh_though all of thevabove equationsAarewvali&7for'any £
we find that it_ie not p0551ble for the equlllbrlum to exist- unless
'°there?is-afcertaih;mlnimum of'-neutrallzatlon. If we restrict the
: maximum,ehergy thathah electron can gain 1n'the electric f;eld tor.j]" i

:i(Y(b)41)mc2,.then;we-may'write '

o_(:' a- f)2). B bt

' This impiies:that L
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fr1-G2 T ven: , @)

| = o _ o :
.__Whgrecthe_symbol'I [y(b)] means the argument, x;'for-which-

LG Y(b) Therefore, ‘unless Y(b) is unlimited if :— >>1,
: | )
f w1ll be llmited to . very near l For example, 1f y(b) 6 (= 2 5 o

':émegavolts of klnetlc energy) and I 200 000 amPEIGS: then at :

12, corresponding to %— 24 5, and a -
A e

fmiﬁimum fﬁof about QE?S'“ If we w1sh to put no limit on Y(b)

H‘H

' m;plmum_f'(Yo;é 1,

_the~conééqucnces are impractlcal.-— f =.,5 and Yo ¥ 1 for %T-- 24.5
: e

‘lglveu w(b) ZXlO6 Thus we are reasonably justlfled in sticklng to,“"'

£ = l 1n most of what follows.

' Since- f 1 lmplles a unlform electron den51ty w1thin the beam R

Hf;the quantlty,v defmned in Eq. (l 3) is aga1n usefulv-;Here%it“iS“

céilf, llfﬂn;(o)nﬁzwz ~Ybb2.

Va2 L 2038y

e This implies that

L b"'

|¢_>. T ;ﬁ
A ) . - . 0
N AR

fl

'.j'forléﬁhigh:gﬁfieﬁtfﬁﬁam._ Slnce I, Yo and b are usually experimentally '

measureéble,'o,.ms'lahd c/mp- could be calculated and compared with,”
T Py 1 . .

B other measurements, such as den51ty measurements or characteristicm;'-

'fi lengths for f1elds. Another exPerlmentally measureable quantity 1s«<f

-_' the prOpagatlon veloc1ty for the bulk of an electron beam12 13‘




'7L15a

' For £f=1, 17000v8 can be used to deflne such an average veloc1ty
Bc if the current is known Using (2 36) and (2 30), together wlth

' 2 2 ooy 22
By (b)vo =Y 1; e obtaln for I >> I,

- _ 3 Pl o S

gihye,_if_ll= 10° amperes and,-~,f.0 =2, 8= %3'eompared w1th B, (b) x .86

" Finally, for f = 1,

2 1 N R :>_age SR =
o - 1-8,°-8 po2po2fby e e ATRTRA
' : .z ;_Bz I-o [Lé)ﬂ - ‘ '

where B,c is the radial velocity of an electron at T = 0. Consequently

B QL?f;”gz%[iOZ[%é] -1}, ' ';.' j'oﬁl_;}'f;af.ff ;,5 -(2,39);e'f
o Te R T P

:};ao that for a high current beam, 8*2 >> B 2 ..“

“ So far we have 1earned a great deal about thle equllibrlum

_ Without know1ng anythlng about the detalls of electron motion.

_'And it is clear that the self—con31stent flelds glven by Eqs. (2 23)
Cand (2. 24) are such that electron orblts w111 not easrly be obta;ned |
-'.from the equations of motlon.‘ In fact however, 1t 1s possible

' to Obtaln an orbit 1ntegra1 for qulte a general equillbrium _'“-"

: gt _aOJ;-infinite;eylindricallyisymmetrie.(%EL=IOJaBEAthrtthox_;.

;'ax1a1 varlatzcn (%;-—-0) u51ng the three constants of the motion _—

:Q‘glven bY"Ean.LZ;é):E_(Z;G). We may even have an- axial magnetic r-“'t




(16
-field ‘via a vector potentlal component AG, if it is a function only

of r-,f In this case Eq. (2 6) becomes
Py = ymeZe - eA(@T . (240
_Wé merely have to 'solve :
-.Ymczotlm2c2+pr2"+f;— + eAe(r)]g +.[pz +.eAz(r)}-12:__ . ,(2.41).

. fOl‘ the radlal momentum, Py -.- If a sﬁbscri.pt.“a.imp:iies- the quantity

.;r...:c'-wa:];uai.‘-fed;fatﬁf':'s'nmo 1n1t;La1 tlme, tr e obtain g

{vra+ 2 - (x2 T ) :

1t

We have taken Pr 2 ymv = Yma"'E n. this -equai_zid‘p”. . We therefore . s o

.= qb:ain,§hquuadfatur¢ 




) . ‘-d_r‘ e o .: ‘ .'::"'_753;
t(r) - ta.=t'}_._ R X OB

.
: The turning points of the radial motion'are,.of courSe, the'zeros

of +g(r) t’ 50 that Eq. (2. 43) is deflned only if r 1Is between

-

b'_ithese turnlng_p01nts.. The.51gn to be.taken is + (-) according,torl
' ﬁbetnerbr]is;gfeater (;ess) Fh;n:ra- _fhe potenbials A, endl@.
mnst,:of course, be the'seif—éonsistent onee for fhe-beem;: For
‘:the present beam, u51ng ¢ and A from Eqs. (2 21) and (2 22),. ':.b

e].AO = 0 and ellmlnatlng Ty and Vza 1n_favor of Yo and V from

Egs. (2,25);and~(2.26),nwe obtain -

A . S o{";(l‘f)Z} sop zm 2 S
- ' g(x) \ vra * '““?‘" (r ra )_+ _ ,¢Fa
L

- TR ' B —‘_ oo T e

c2

' 2 (X _ P o 9 z.r;i..' ooyt P
e I (S R ]| BN

=3

ThlS form exhibits explic1t1y that ra 1s a radial turnlng p01nt 1f

'V£#7= 0. However a somewhat 31mpler form is obtained by maklng the

. substitutlons :

e e
s 1 O e) .'raz“‘az‘ a2 ey
e ML T I e

1

T-zb =. -
AL [—-(1—f)‘2’]

| émd
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( )2"962- . R
r w = T = — T _
| (v m_) G2 2 (rz“'(l_‘f)%]'

.o ~(2,4e)f

. The result is

| jr dr. I {E—(l-f)%)

:-gt(fjlt o _ e €E |
. oa - ' L - . - — |
SR {Cz 2[1 2( (1 f)ﬁj “"T B 21 Z(L ] 1 o }
,a e . . -O. N _e,,. : . . 0_ : .

@47

 The- remalnlng components of the motion can be put in 1ntegra1 form '

wsimilarly

t i or
a0 a

'”.:G(r)—aa S w(eh)de" = f m(r ) -“- dr't_. g _.sS2.49)=:_

£t
a R

- (.L)

(— (Hﬂ]

i ‘{7;(1_f)%}

- is readlly obtalned from the constancy of pe together w1th Eq. (2 25)
'.'Hence, formally, we have the electron orblts for all allowed
values of pe ' Useful results, of course, require numerical computation fl

zor approx1mations..-~



'filg ;

“We ‘can also formally determine the distribution of angular

momentum, F(pe),'for'the electrons in this beam model. By definition
-F(pe);f fadgséa'fe-(ﬁf p) S;PG-CKPY“YPx)i- ' _ S (2151) .

- With the substitutions x = rcosﬁg‘y = rsing, pk'= p,cos® and P, =

p,sinf, Eq. (2.51) is-

O a ey T R
. - tas - g - : |
. F(pe) Ire, fde rdrds epzpleglde 5Lpz_(y°@vzfe§z)]_

RS i Fein (e ey ] Tvmetcbas B LT e

'7XF§£P9‘E¢:51H(Q ¢}]§[Ymc..¢?72el R T .(2.52)

©Using,

q_i- ?f ; :;e~ 't2-53)

we then have. 31mp1y fdzd¢ Zﬂ, making F(pe) the distrlbution of

angular mumen ' ”per unit length of beam. The o and u substltutlons

of Eqs. (2 11) and (2. 12) then enable us to obtaln

'?‘.‘rz

| ffe-gi 2n (0) J/1 rdr I -—{1 f)%) o - -
p6 = To L Pg?
,. St Y el 62..({-<-1-f)f})f Yl ~ 8 21 2(L_]] }%
S -~1:_~ L= = .

o (Y m)

@)

rl and r2 are the inner and outer turnlng p01nts of &, partlcle w1th

. angular momentum p6 From this we can see that pe2 can be anythlng
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N o, . - S
. from Q0 to Pgmax the maximum of ‘the function .

h(r) T (v mer)?{I 2 (= a-5y -_-;%; 8,21 2(5) . @.55)

0 e

For large currents and f-l 1t is reasonable to obtain the _

'radlus, R, at which a partlcle Wlth pe c1rculates By_writing"
_7i§l££l 0 (or by equatlng the centrlpetal force to the Lorentz'.-

-Br_

'force for a particle with only Vg and v ) we obtain

¥

1-77-8, 2_1 2[—-)=-_-sz_2%-_ L Eni) - (s

) Using 8, 2- g 2(b)/1 2[—] (1 < —2-)/I [ -, th_c-as'ynptctic expansions |

: e
foxr I, and Il (Eq. (2. 27)) glve '
‘R_1b 1. b .1 1 b2 b 1 b e
e e e e .. el TN e e .
-‘Hence, for I?>IA the particle Wlth Poma clrculatesrather far OUt

_compared with the unlform beam result whlch we Wlll find to be b/(Z)%

' For example, if Yo -2 and ?£=105 amperes, then I/I = 3.4 50 that %'-“ 7 3
V‘.andf%— - 6,3.' In this cases then, a particle With p8 i, w1*1.have.au
T Te T e s _ : B ' .

e

:(gdnatant)ﬁgfvelccity.ot about'% c,'compared with 8(b) = .865 and B
'.3found above..

' Returnlng now to F(p ),,comparlson of Eqs. (2 47) and (2 54)

__hreveals that if'r(pe) is the time it takes for a particle w1th angular

';_ momentum pe to go from 1ts 1nner to its outer turning point - r1 to rz —_ﬁ.-'

'then :
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- 2n_(0) IR ' o
F(Pe) = ;;;r*"'r(pe). S , '(2.53?.

The current being carried by particles with angular momentum between

pe"and pé + dpy may be written .-

Arlpg) = = eF(pg) v, (Pgldpgr (2.59a)

' where v. (pe} is the - average z velocity of a partlcle w1th angular

'momentum,_pe ' Deflnlng Z(pe) as the 2z dlstance such a partlcle

travels between turnrng p01nts, Eq (2 58) becomes "

_ 2 (0 | R S

_ 2n _ L
4L e Z(p). S (2.59b)
dpy Y m FPS) S RO

~From Eq. (2 48), Z(pe) is glven by

T (—-)dr | T e

_ L 2 3
1 o . e P
e P 00d)- ko 82 |

‘For a low ‘current beam, we w111 see that Z(pe) ‘is a constant.‘

..HOWEVEI, for I>>IA, 1t is apparent from a numer1ca1 computatlon to -

follow that the hlgher pe partlcles contrlbute more to the current

{have a greater Z(pe)) than do the low pe partlcles (see Flg. 3a).

o So far we have marnly dlscussed I>>IA.* ‘We now take a 1ook

at the lowrcurrent_llmlt.. This requlres that b<<L iy Slnce I (X)

-‘fl-+_(%x)2 and Il(X).z l'x for small x,:lt follows that o

2
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a@en,@ 1+ EFRsa 0 o @6l
. o Te e_‘ . o . R 3
y(r) 270[1 +'%%_f2.] =y Lo SR (2.61b)

(2.61c) N

L
<

o .
Ly r?
(0 = Vztl +f4L z £l =

' n, (O)e(l f)r
C4e
o

- _;@(r) Creh (610

_ n (O)eV r? _ - . L S R »
A (r)= ;.EL_jr__Eﬁﬂ X - IR I o
DR Dt 450c : SR B S-S (2.61e)

- n (0)el 1_-;f_) r

R - ST Creb Q1D

r - Qe
. o

'ne(O)eVzr '

. 2e ¢ BRI

_All of these.are characterlstic.of the eniform beam.. Consequently, ‘
'felt emerges: as the _self con31stent, fully relat1v1stic solution ‘to
tthe Vlasov Equatlon for a’ low current beam - I<<IA This was, o
.;obtalned by Mjolsnessle, and non-relat1v1st1ca11y by Longmire

'"wgwith some. small non-unlform effects. For £=1, Eq.-{Z 56) revealsr

{0

'}that in the uniform beam, the particle w1th pe : circulates at b/(2)2 -
 In the case of: unlform v, and Y: and f 1 the perpendlcular energy

.::available from A at radlus T glves

S22
P P’

ZY m. ZY mr

,.ymc2522(1; fjji_

‘Hence, =~

- e
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o, Wmczbzsz :
: Pemax = .2 . . : .. N .‘2‘63?

"and for all pB up to Pema , ¥} and ry are given by .

I R i 1¢[1-- —9-2-] | IR S 2.6k
R 12 i _.pemax_ - ) L o

- Solving (2.62)_for_pr? E_yé%mztﬁiae=easily.giVes_the,'Orbit_integral_

. _ ":b: SR . o | el -
t(r) = - [ _xd e (2.65)
o -(zﬁ_aﬁvz ré(rz-rlz)%(fzz“rz)é.' . o |

[ 20

‘This gives an arcsln, and the orbits obtained by Lawson and othersl6 18 -

result.. We cannot, however, obtain the trajectorles of Fig. 1 from

(2 65) unless we use (2 5) and allow v _to change regardless of _

. .\) L "f}:'
-~accord1ng to
X, :

‘o

RSP [1 - %" (1 ";':2)] e (2.66)

o In thls equatlon, Vz is the maximum value of vz, rather than the value

'fa; r=0. Under ‘the assumptions for which (2 65) is valxd we_obtaln_“'

 meax_ee'

Y z(?ﬂ) ____Jﬂl_f%_..'_; :.f_i;;a.;;}JL{':;rT(2.67b)r;ae
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and
. . . |
pamax_ ro ' max R
Fogd = 4 | (2.670)
T : 'L _ 0 _otherwise,:

'fand the beam s indeed unlform.

‘Let us now return to hlgh current beams aud 1ooh at.some'-
_fnumerical*results.e_In Fig. 2"we-plot h(r) for beam parameters..
.:appropriate to- the beam of Andrews, gt_al., y. 2,1 =-105 amperes;

.thané f_= 1. We observe that pez can. be anyth1ng from 0 to about :
.'Ol(mcL ) y [hv. For any allowed p s Tl and 5 can ‘be’ obtalned from
'-the graph. A partlcle with pe ' c1rculates at %Trﬁ 6. 27 from the

_ numerlcal work _compared to 6.3 found from Eq. (2 57) In Fig. 3

'we plot z(r), r(t) and z(t) for several p values, and find that the hf
'_ hlgher angular momentum partlclea go somewhat further in the Z dlrection
.between radial turnlng polnts. From Eq. (2. 59), they therefore contri-

bute more to the ‘current: “Note, however, from Flg. <13 and Eq. (2 53), E[:
:that there are more' low angular momentum particles._;of"h
We now suppose that this beam could be set up with £= 1 in a -e
' i"drift tube" ﬁlth a perfectly conductlng wall at a > b. Then the sum
rof“thefmagnetierfreld energy per meter of beam 1n51de and outaide'the'“;.:

beam, U,;ish

b ety v @ @)
e e b mn G - il 6 - &)1

S R S JE R e LA
+.Y02'K(I")2‘.322112(!t") Ing - S (2.68) 1

o |w
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Ly
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Yo .

Ch(r) forf=1, Yo=2, T=107A.

" (By = 00386, b/Le =7.3)
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. FlgUre' 33' - Partlclé Rédlal P'os:Lti.on Vs~ Axa_?l D:.S'tance Travelled
b) Electrons Having pg = 0, 50(mcL ) . and 90(mc]’..e)2 =
: (Plot runs from rl to r'2 and back ) N :




2 4 8 8 |!2 14 l6!8 Le o
S

 Te Vs .'T-'e for-Elect#o*:.s w1th . Pa_ :
ot

50(mcL 2, 90(mcL )2, é.nd pgmax -

- pg 0. (Plotted. from r = 0 to r = b
- .~ and back to r = O)

T T R 50(mcLe)® (Plottea from 1 to
o 90(mcL )2 " T and back to rl) -

i)
0
It

|
i
|
|
|
1
!
&
"

- 'pg# p2

omax. (r is a constanft)




'15$ﬁ._ &?éi“;ff fié     i”16?5.;1

. Figdre 3¢

. e et
o 50.(1.1?[(:];@1) 3 ._QQ(IFcF.e)E,-._and p92ma.x @lOl_(mcﬁe)_ - .

g
L4

IS

i
|
|
1
|
i
|
&
BN

= 90(mere)2 J
e g e

for Electrons with p2 =0, -

to rp

28

" p3 =0 (Plotted fromr = Otor =b -
' ;- endback tor=0) . . . ¥

C O 50_(mcL-e) G L (Plotted from X
B and back tory) .. -
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ey 2

-In this equatioh; K ='naof—gﬂﬂ ='7.28 Joules]meter,_and we have used

[ xdxxlz(x) yL (NI (y) - .Y— {1 2(y> = Ilz(y)l S @

o

"Suppose the beam source is able to supply W Joules/meter (e g.-2 '
'kilojoules in a 10 meter long beam is 200 Joules/meter) " Let q

B be defined‘by_

e 2 29 2B e 204y o 6y
W oY PRE ST (Le)_ .—_-_aWK:_‘(jr_o. Do P ____(,2__.‘.‘79)

' Part of W 1s in partlcle klnetlc energy,.Ub, and the reét is'in the'_'
 l;magnetic fiald Lgt_ap and af be the fleld and gaxtlcle contributions

to oy Then
W

_ | b2 L i . 713
= : -1% 2. ) — . T 0 A 2" K. . 2- l ’
',gp .i.Sjo.l)mc:ne(r)Z?rdr '(Yo,l)YQEj;Z’tiq?§xqf.1) f . Ff_j )_

?The5minimum_ﬁagqe;ic;field,eﬁergyﬂbcdufs'ﬁhen'é'ﬁfﬁj:f6r which 

. Il[z_) | _,;-:' 1 G_a L;_ﬁ;fi‘ ff.j_'f_g'
'b” . B m__-;i S ey
[___] (1- I.z[la_]. ] (272)

o ‘L

1—*|°‘ R,

- -}f’mi

:-_For the case con31dered above, y = 2 I —.105 amperes 6—*.—f7f3),‘ Ser

e

  _we obtaln-a?  35 SK and umiﬁ = 3, 13K for a: total minimum népgséaryff:

; energy of 845 Joules/meter. Note that this beam is 2 very efficieﬂt-{”
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user of energyb#- most of it is'in'particle.energy:if-a'= b. 'B& o
contrast;_for,anuﬁiforg_beam -
-y +1)% :

U 17000 '"‘Yo' L (2.7.3)

' :Therefore,'if it couid exiet at 10° amperes-and Yo = 2 the unlform o

: beam would have more energy tied up in flelds than 1n particle motion. _

a=b’:
“b

' Suppose a > b, but “-—<<l Then.expandlng the-logarlthm_inqu._(2;68357-:"'e

weﬁobtain S

Y I .§_ oy 22_ o
azb [L ]ZI" (L,e) L I°'['Le)- O ¢ é) R R NS
5 £|b ) by, b - by 2L VTl o (2078)
T InAE) Ponl) . e TR

. _The asymptotic expansions for I_ and I in both (2.72) and (2.74)

b'enable-us to write

a=h o

"'_TTben'fbr h_'=_7;3; ﬁﬁa:“*“ ;'0 1;-d7 =:7.7q fThus,=a-tdbe radiﬁe'f"'-

L

: £
e

f;lO/ greater than the beam radlus results 1n more than double the

.'_f-field energy being requlred._x

o Up unt11 thls p01nt we have had no way to fix the beam ~_-.:

‘b_radius given the beam current and electron energy, I/I merely
:'_ 'fixes b/L ' However, if- the beam 1s 1n a drlft tube of known radius;_bgﬁz‘
'ta, Eq. (2 75) enables us to- flx b glven the source energy.' For

-}fexample, if W 1000 Joules/meter, y -—.2_and i= 105 amperes,:b-




'observed hlgh current beams whlch EXhlblt thlS characterlstch
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huthen 155 Joules/meter are avallable for fields outside of r = b.
This unlquely determines b at about .85a., It also implies that the

" beam would be hlndered from plnchlng to a smaller radlus than .BSa

by lack of sufflclent energy. In fact thls tendency against

pinchlng w0u1d be stronger, ‘the hlgher the current, since Eq. (2.75):

" can also be wrltten approx1mate1y ‘as

a=b - N IA

b

a4ka

(ag ~ uﬁin) - '-:r ": j_i' | (2}?§)

Although there are many beam models Whlch ‘can carry arbltrarlly

© large currents (for. example, Bennett rgl and Benford' 19) the one

we have been. considerlng is partlcularly 1nteresting 1n that 1t is

' monoenergetlc,:and it 1s conflned to a finite radlus. Both of these
' are characterlstlc to some extent of most hlgh current beam experlments
-'to date. In addltlon, the current den51ty 1s conflned to a shell

near ‘the edge of ‘the beam, and L P Bradley and J. C. Ingraham have

20

‘More generally we could_superlmpose beams such as we have

!cbnéiaéfed-wiihfaiffé}éat values”of'Pz.: An- example is the electron

"distribUtion-functionff

LR tm:<9>_6_<Pz-wi> +;?‘é“_’>'6<’Pz+~";=‘-fz?f1" o em

c
2we
e L.

_where n1(0)<<n2(0) and v, near c._ The result would be a fast core ]d

carrylng current below IA’ and a very slowly mov1ng "halo"_carrying
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most of the current, in whlch partlcles w1thout angular momen tum Would g

_ be travelling backwards over part of their orblts, much like trajectory

d in Flg. 1.

pEE SN



.III. -MACNETIC NEUTRALIZATION

-,.We how'take up the notien ofh magnetic neutralitatioh of ah )
electron beam by a background.plasma;' We will-deuelop a.model'in .
thls chapter whlch 1nd1cates that cancellation of the beam |
current by large numbers of slowly c0unterstream1ng electrons from a

Id:;background plasma ‘can” be expected to occur. We assume the.ex1stence
of a three d1mens1onally-1nf1n1te, unlform, charge neutral fleld
rfree plasma con31st1ng of moblle electrons and 1mmobile ions. h
An electron beam is assumed to be mov1ng through the plaSma with
h'veloc1ty Vs the magnltude of whlch is 1arge compared to the thermal
veloclty of the background plasma. At the 1n1t1a1 time, t l 0, |
.the beam extendS'from z' = o to-z .~ 0 (a prlmed coordinate 1ndicat1ng
the laboratory frame of reference) along the z axis, and it is
'“ﬁzneither electrostatlcally nor- magnetlcally neutrallzed., We requlre
:Jthat the beam 3 effect on- the teckground plasma be small so that
.linear perturbatlon theory 1s Valld and then we con31der the perturbed
plasma=motlon in detall. Our results will, therefore, be valld fox
2.plasma densmty large compared to the beam densmty.- The than of the
- {beam is assumed unaffected by the 1nteractlon._ (We ignore the obv1ous_-'
problem of the two stream 1nstab111ty because the- experlments whlch
jwe are: attemptlng to explaln don't Seem to be bothered by it )

We solve th1s problem here w1th cold plasma two mass approx1- L

;matlon relativ1stic flu1d equatlons. ThlS method enables 'us. to

-_extract the essent1al physlcs w1th ‘a mlnlmum of algebralc complicatlon. fIn;




;Equatlon,

34

*AppendiixB”welahow'that'uSinglthe relativistic Vlasov Equation with'
- a two mass approx1mat10n Maxwelllan gives the same result in the cold

plasma 1im1t._ In the present treatment we will see that the use of

the two mass approx1mat10n 1nvolve$ dropplng terms of order Vg 2/c R

where ve is the plasma electron thermal veloc1ty, and e is the veloc1ty

of light.- Therefore,-retalnlng the pressure term 1n.the momentum

- conservation equatlon would be inconsistent for beam veloc1t1es near c.

Simllarly, u81ng Lhe two mass. approximation Maxwelllan in the Vlasov

B treatment is certalnly not 1ncon51stent w1th the cold plasma 11m1t.

We attack th1c problem in the rest frame of the beam, 1n Which

. plasma. is streamlng*by the heam with - velocrty —v é . (An unprimed

__coordlnate is a beamrat—rest frame coordlnate ) In this frame, the
'fbeam stretches_from z = = t0=z = 0 for all time- and produces no
 magnetic field. We start from the Vlasov Equatlon Wlth a phenomenologl—

-n{calzrelaxation_term, 

F@ "iifl_al",(ﬁ) .-: o BF(P.) [F(p_) £ (p_)) B () o

The relaxatlon term, much 11ke that in,the Krook—Bhatnager-Gross

21 s constru ted to ‘conserve particles 1ocally, 51nce 6n,;;

-fthe_perturbed plasma-ﬂUmber'density due to the'beam—plasma 1nteract10n,_“-
is related to the "total" and unperturbed plaSma electron momentum

?:h.'distribution'functlons F(R) and - f (B), resPectlvely, hy

oo f F@-f@1dp . (32




- The ﬁnperturbed plasma_density is n, and 1 is a phenomenological
relaxation.time. The first two moments of Eq. (3.1) are, assumiﬁg
a cold plasma,

3N

s—t—-;-v-._Nzeo ey

3 =" B - .
GetvnE-e@+r® - == . @8
.,_.“N.(_}S,':t)_ V(x,t) and P(x t)r are’ the' electr'on "flu‘id"-densii:y, irelocity.
':and momentum, respectlvely, and E and B are. the electrlc and magnetzc X

fielde. The'electron charge is. -e. At t = 0 the electron f1u1d

'quantltles N v,p, have thelr unperturbed values n, -V é 29 and 20 _Yémvbéz’ B

‘reepeet:_vely The electron rest mass is mw and- Y '(*];"-V'zl‘cz')' % :

.._;.After t 0 these quantltles suffer perturbatlons due to -the interactlon '

“with t'_h:e__pg_am,_ﬁgo__-.t_;hat

.ﬂ?ilThere afe no. afplied flelds,.so E and f have only perturbatlon.;-e-
e:.contrlbutlons SE, and 88, and only 6E exists at t'- 0 in the beam—at—_’fe 
”‘_res.t freme. : The' 11nearized _flul_d--'equetlons-r fo_r the rperturbed “ -
.quent_'iti‘e'é".e:r,-"e"-i:'here'fo_re'- . | | |

N Lo o o o §§_rl+ nV 6v —vo é_z— gn=0 . L (3.6) e
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fL;viJ&=wwyﬁ§z@mg

3t 0 9z G

ol

We. alee-heve Maxweli's equations for,'the' field 'qu_ant:it;'i_es in terms

of the plasma _quantities:- :
YedE = -— S 3.8y
SV X 8B=w 8]+ T o AR & 1)
.v..x 6_@_.: - é.é& E I : (.3L‘1:0):_

' ."where 61_ is- the background plasma current den51ty due to the -interaction.

L In order to close t‘nls set of equatlons we- stlll need a relatlonshlp

' -quant:l.ties Gn, v and (Sp_ are defined in terms of F(p_) by

- [ Fiprap=n+én .

W= @, Ney- | @Eve R@e

Np.= [ pF(p)dp,

: .wh'er.e v and 2. are the velocity and _._mom_entum'of:‘_an i_hdividual

- electron. Thus, |

NV = Néw - Nv é

' ‘-‘.}between 6v and 62_. The "total" Quantltles N, ¥ and P a.nd the perturbed

(3.11a)
@)

'“71(3.1;c)';"

L o@ayn
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-~ But 2_ ymv for each electron where Y = (1+p2/m2c2)_%
A Taylor expansion of Yunder the assumption |2_ 20| << mc

enables_us to obtain .

. zép é P- S .
Ro+<5_E -*-'-'-—2—‘ + 0 —2-—2""—-' F(R)dp_ . .(_3.13) :

Ny . .
Nzﬁm @) =
~ Therefore

v, .széz : 6pxéx + 5Rvéy +_épzez |
o ¢ Y Yo" : Yo ™o i

K

5_5

*(3;14)_

<
=)

fwhich is a statement of the two mass- approx1matlon, The terms we
’:'have dr0pped from Eq (3 13) to’ get (3.14) are of the Same order'
:as the pressure term in the momentum equation would have been had
Sy we kept dt.
 The: Fourier—Laplace transform, deflned by the operator
fdte.Stf dxe kex ', o
~of the linearized fluid equations and ths'last“two'of‘Mskwell's:;

:JEquations'sre 

(S"lk v )6n + ik-dvn = O B  f€« ‘;j. ' ;f(3-15).IML
o (S—lk v, + 1/1)52_ :-e(éE-v e, xag)ffj; R (3,16) |

'.ﬂ—sss ik x 8E o ean




T

'I‘he Laplace and Fourier trsnsform wvariables are s and k, respec'tively,'r
. where k_ = k-2 . én, 8v, &p, SE and GB are - now all_-funttions of =
o z =z —* T = T
~ k and s, and we have used dn(t—O) (SR(t =0) = &B(t=0) = 0. The -

plasma-res_ponse current 6_1_ is related to &n, d&v and JE by...
81 = -e6(NV) = —e(néy-v & on) = g+6E, - . - (%19)

: where g :Ls the response "CSn_dﬁstivity."' tensor. Finally, we need
TQE(E;.E=O), which_ﬁe'obsais_ffom the'Fosrier tranSforﬁ'pf ﬁq[-gér8)."
'_evs;uated:at;t=0:- | o | . L

‘6§(k, t=O) =TT e (3.20)
: o o . IR :
':-Ob;.the Chargé'density of the-:beam, isstﬁe”oniyschatge;densitj{at
"%itéo._ By our assumptlons, it is _nos;s.fsnctiqn sf time;is_fher.
beamrat*rest frame.. “ | . L
._Eqs. (3 14)- (3 20) constltute a closed set of eqnatlons,
'1; and-in Abpend1x A, we solve.them. The results for Gl_and SE

in Fourier—Laplace transform space are

"_'i%-c-.@.w;_'_[i._'v'-zk 2][2 w 2(smik v) ]

[a]
" o212 kit _z.+ 715—1k v +1/T)

c

_2 o ._‘ _
. mp FL v, (s.lkzvo) _
k?c”(s#ikzvo+l/r)f

¢3;215>f5;f\;;-' :
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832 = - B -[1 +_-£Z-E-2-°—-](k2 +.-g'] el (3.21b)

sgg=0 G

| 0, () | o . L
: L b, 2 - 4 T
ST e {[k ¥ 7] (6 + I/t - Lkvp) (k,vo=e) -

: 2
[ 24 2 S - . .
. : : k,“v (l-!- 1—'2‘) T S o
- fatl - 32 _ [s] ke . IR - .22 .
. Cz___.(s 1kzv0) _ 1 (S-_ik v )2 , o ; | ) o (3 g a),
2k v 1k g s]

AT p-'-o '
8Bz = ‘ke?e oDy 1"'1:2 L (k) S (?’zzb)-.

sE3=0 o @2

where

’ ' N ‘ 2k2 :.2
: Ds {(s+l/-r-1k v )(1k v -s) —wp [1 ‘TT] [kz'*T]

: '.-122;:ts ik..;)é[l. kl2v02[1+§§2§a] “(s—lk v, ) :};.
- : A8™ v - -
e mff~fr?'?- | _

'”(S—ikzvd)2 a'6 Yo 2c2(5+1/1-1k v )

 The 1, 2 and 3 directions ._a_re-'.:defi'r-iedrby

ATy, gsmT e E2m AL T 302
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'.oontinuity equatlon,
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”féHa*k"is'the'comﬁaﬁéat of k perpendicular to & . 6B is easily :

obtained from Eqs. (3.22) and (3 17), giving only §B3# 0. The

perturbed charge density, 5p = —efn, is most ea511y obtained from -

' 'Eq. (3. 21a) through the F0ur1er-Lap1ace transform of the eharge'

C e

s6p+ iksj; =0 . . (325

We' are interested in . the behavior of our beam plasma;system.

-'after the 1n1t1a1 transients (and presumably the effects of our ;-'
':artificial initial conditions) have dled down., To obtain this..
Abehav1or, we take advantage of the Flnal—Value Theorem of Laplace ::

'Vtransform theory, whlch enables us to. wrlte for any quantlty, '

8.

'xf3lim.
s

“sa(e) = 1ig saq(s) B X )

Qﬁ(the that we dlfferentiate between a quantity and its transform o
IOnly by exhib1t1ng the approprlate varlable ag an argument )

.. There results.

(3,‘27::} S E
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- (3._27;_1)_

e

Y02°2(1+;/kzvo?)":f ‘3;27e)

‘where .

)
1l
L=
~
@

1
o
S’

[~] .
.
-
o
=
N
+
[\V]
|

(3.28)

- 'In order to obtain the spatial variation of a perturbed

fqpsntity, SQ,.ﬁe'must invert”fhesEburfer'Tfansfdrmf"

3 ,f;.. BRI L S
csq<_,t+m> f ‘EZ‘S | (h“‘ @] . G

-For Py we ehoose-a:uniform-beam of ‘radius b and electrqnfdensi;y,nb}

__ Db(_) 5 {nbe =R Gy
Qs T e SRR

. otherwise.

: tThe Fourier 1nver51ons of the quantities in. Eqs. (3 27) for this
spb(g) are_ obtained in Appendix A.. These results in the beamaat-rest

"'] frame, valid for a weakly colllsional plasma ( mpr>>1 ) are, for z < °_;f




yob w2z

eos-P—;ez"o"vz—E—ﬂ SRR % TSI SR €I L)




43

2008 —P—e2VoTL O L _-__4.(3.\3_1&)-

°L .. B (331f)



R g

.;rr around r = b 31nce

The:unper'(louer) line is for r<b (r>b), and the quantities, 8Q, have

.arguments.(g,t+m). All of these.quantities are zero for z>0. In

and Km are modified Bessel functions of'the first and second kind,

‘respectively, and order m,  In these results, a contributlon to each

I : - : _ % _ _
perturbed quantity of order e ¢ |z! S which_is:therefore-significantr

| only nithinc/mp of z=0, has been dropped. .(Note that wpr$>1 inplies
:c/wp<<2v T for v, mear c. ) This contribution is discussed in ul--
-.ﬁprpendlx A rIn addition as mentioned in Appendix A, we have also
}dropped a collisional effect p01nted out to us by R..E. Lee and R. N. Sudan22 B
:'as it is unimportant in the parameter regime of particular 1nterest |

to us.

' Let us now lock at a few of the characteristics of this

“isolution in thelbeamvat-rest frame. Firstly, we note. that several of
-the perturbed quantlties are discontinuous across r—b. hls is due_
'_r::to the discontinuous beam model and the cold plasma assumptionr :.
.-(Retaining the strongly damped terms- i O(e e | I) - would result in
'_tall quantities being continuous through z = 0 ).We can easily calculate f
ithat ‘the net_axlalgcurrent,in'the entire beam=plasma:system-is,O,;--

- by virtue_of-'the integrals

.'frlé(r)dr.= rIl(r),:'i_”ero(r)dr = -rKI(r);:h. f:f_ . .,(3.32}.

wb

rh;_For *E~.>> l the current density is- confined to a sheath of thickness .f..

1




45

: w_ : : o
' o T rw b c exp[- —2-|b-r|]'-' T 1. . : =
Io 1[—;’—}1(0 1{ a ]~ < T (3.3
s\ ¢ : S

'2wp(rb)ir

The same thing can be said about the rest of the quantities except
for §p and 6Ez;i We are, therefore, led to the_folloming-physiCal o

interpretation:s The electron "fluid" flowing.in“toward'the'beam '

o ;from the right does not know the beam is there until it reaches z=0

(actually z "d——f had we not dropped the strongly damped term)
P

' _tSuddenly encounterlng the beam, the electron fluid expands within

-,:the beam (that is - the: density decreases as plasma electrcns are

; thrown-out of the beam) 1n an attempt to neutrallze the ‘bulk’ of the
‘beam charge density. A standing wave is set up as a result cf this;
this wave is simply a damped plasma osclllation in the 1aboratory

j-frame._ When the electron fluid osc1llation has been damped (|z[>2v T), .

1_hthe bulk of the beam charge den51ty has been neutrallzed by a net 1on

sdensity of nb having been left behlnd (the first term for r<b ifi

-(3=31f) The excess electrcns have been carried off to inflnity

”.since the 2m f (Gp+pb)rdr is zero for ]z|>2v T The ions that have
' been left behind for tz| > 2v T must be ccntributlng a current density :
ffof -nbev to dj . the magnitude cf which is certalnly Small compared

: to ‘this everywhere but within c/w _of r=b. The cancelllng current is .

a result of a net acceleratlon in the -Z dlrection of the electron _:

fluld within the beam. FranAppendlx A Eq. (A 40), S
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( | w2 ; . [ w1y (0 b
' 1 - cos =—e“Vo' | 1 [|~E-l K; P
n Yo¥o _ wbl oLc L c
v, = - —vw 1 _ . h- . .
z n o c :
w-by - fw I
o | s
w_ b w T A b)’ 3
PI P, K p
v, Telv ) v o
, ©zZ ToT - o' ol | | _ E .
-+ cos v-%* e o .« 2y 2 <0, (3.34)
' o0 o wh w b} w T = s
- - nfE 5
v v Tol v
Lo o'} 7

h-As before, the upper (1ower) line is r<b. (r>b), and’ Gv : :OZfOr-a>0,s'
p(In this, we ‘have dropped the same contributlons as ‘in Eqs. (3. 31) )
V"It is clear that. the electron current due to the flrst palr of braces
«in 6v for r<b is exactly that requlred to cancel the same. term 1n
"_:'Gp, 1eav1ng only the sheath current den51ty in 53 From Eq. (A 38)
it is clear that 6E 1s reSpon51ble for the acceleration of the electron
j_fluld.. Flnally, we can see thatunless nb<<n, 6v and Gp will not be .
'small compared to the unperturbed quantltles in the electron plasma.
.d81nce we have used 11near perturbat1on theory to obtain our solution, '
fgwe must havelﬁv !<<Vo and ]69|<<ne Therefore, our. solution.can be ff

-valid only for nb<<n..

_3We-now transform the- COmplete solution into,ithe'laboratoryh

'frame of reference' u51ng the Lorentz Transformation. With prlmes
, denoting laboratory frame quantlties, the necessary transformations '_]_;f-’ -
;. are |

'}-g = Yo(z1fvot!)’ r = ¢ -c';lf'frf ::fof ::f(3;35a) ;r::_'

Cm=yam', m'eyn . 0 (3.35)
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w2 oz -z m 2 (3;35c)'.-
P oy me me - _

Gj_ '

-~

il = . ’ N . 30 d
Yo(‘sjz +. '\_?050) ! Gjr' ’5jr_ _ S ( . 33 _) -

' vo"sjz”.':- : B T
Yb(&p +-——7;rﬂ - o SR {3.35e)

?. &p!

' B Vanr : I e
] . . _ . ’ . £
B! = v 8B+ ) . G¥D

1]

SE." = v (8E_ + v 8B), §E_z - 8E, . S _,_(3_.35g)_

For i;f._-_vét"{?_O.,"._Sahd_ large t', there results

SRR R TR et b
. N z'-v t' |2 -'11[_1) }Kl['“‘l']
RN I I 1 - - . ‘ -
w, ' (2 vo”t. ) 2v 1! °
e o -

6_‘];_ = nb'evo Sin P - d o 3 L 5 (3. 36a)

[ ) 11, 1 B} .
ok g -
o : iV BTV

@)
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( w 'r! w 'b’ W
S 1Wmce ) e ) S
| I ' ' o : . oo '3
_ dBB = “onb evob 4 : > : (3.36¢)
.. mpl},} w |rl -
LII[C JKl[ c ] .
, - w r‘ ; w 'b
o z'-v t' 11[3 } .Kl( 5 ]W
 aes Hatev th) e o ) Y% o
§E.' » - —— (o8 B 9 e_‘.’.oT { s '}(3-36(:1) :
- € v - 1 : LI : :
S+ o - w 'b w T
L o o ’J B
S 3 .'. W 'y 'rii'. w by Y
L vvge [t P R
n, leb '(z -vt)—z——'*"_ P Vo 0L Tel b0 .
. 8E_'= - — sim : Vo' { - -f e i
- : €o- . v . : a : T : . :
: ' o . _ L w 'b: w ! S
: . [ L VO ) 0 V-o B 3
- a o @see)
- | z'-v,t' 4 R
1 LI .
R (z Vo) v 1t
cos
: . o : TR R o S I
0
L o J

The upoer (1ower) 11ne 1s aéaln for r<h {r>b). | Note'that;to 50‘
and 6j above, we have added the beam charge and current den51ties,-j""
therefore, the exhrblted quantltles are the net charge and current
o, den51t1es. The contrlbutlons from the strongly damped terms have
.been dropped and therefore, ‘to this approxlmation, all of the above
s quantities ‘are: zero for z' -v t >0._; : - .
In this frame 1t is clear that the net charge 13 zero away
.,_from the front of the beam, and that at a fixed z <v t', we have a-:

'-?simple damped plasma oscillatlon As in the beam frame, for mp b/c>>1
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..é;hfs _[' ' tne net current denslty is confined'to a sheath.of thickness.c/wp'-_—-
Therefore, if a beam electron has left this sheath before it has galned
‘much perpendicuiar energy == |v |?>‘YL1 —= then we are-justlfled in
'hav1ng said that the beam is unaffected by the 1nteract10n. Wed
would, therefore,.want-the-Larmor radlus, R , of a beam electron in k
,:thefnaﬁinum magnetic:fieid.todbe large compared to C/mp'; This is

nearly equivalent to the original nb<<n requirement:.

¥y mv_ ¥ omv_ - 2w 'b

= = 22 PP, (3 37)
.edse(r b)f | Veuonb evob_ c : mp .
or
L _ _ wp'Zmeo _ _ _ _ .
_ ' B R =2y mt . '

.Approxlmately the same lnequallty results from censlderatron of time
;scales._ For the" plasma to-be able to charge and current neutrallzed-
I the system before the beam.has expanded SLgnlflcantly,_we must have"
'dmp'—l << epbf-l;'w pb belng the beam electron plasma frequency.. Except
; for the factor 2, relatlon (3 38) results. Thus, an arbltrarlly large:
I total beam current can be propagated in thlS model as 1ong as the beam o
-:radlus is suffrcrently 1arge that nb'<<n .d As- an 1nd1catlon of how the -

space dependence of the net current den51ty changes w1th wp'b/c, in Flg. 4,5_:

we plot the ratio of 63 v to n ev .for w ‘b/c = 1 and 10.
b p.

If b<<c/m ' the total current w1th1n r'—b for |z |>2v T 1515.:, o

PO "-_2 T e Yy mp'b e A o
e . Yoy T . |— ' T B 20 o T " ‘
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'h'u;hich is7££é.fﬁ11'béam current. .The same magnitude net current.with.*
the opp051te 51gn 1s-flow1ng outside r'=b. Hence, in this limit,
R all of the return current being supplied by the plasma is out51de the
:beam;:and no magnetic.neutralization oCcurs.' | |
| . For the heam of Ahdrews,:et'gig;ia current 6f 105\aﬁpereswat
,Yo 2 in' a radlus of 5 cm glves nb' =.2X1011/om3'. An'ambieht_Presséfe
- -of .5 torr 1mplles about ZXlOIG/cm neutral den51ty."The plasma density
:at a p01nt after a 1ength L of" beam has passed is approxrmately given

by‘
m oL T (3.40)

. where ﬁo'ie the ﬂeutralfdeusity and 9 is the appropriate'effective

'-fioniratiOn croés'section;' From UI = 2x10 18 cm2 23

e n' =4n" L | L (3.8

(L-in ﬁetersy;t A pulserduration”of-50-nanosecoﬁd$”imp1ie$ a beam-
~length of order 15 meters.‘ Therefore, for purposes of'OUr"theory._'

. we?assume*n 2><1012 (>>nb ), so that w_ ' > SXIOIO/sec
: . . b " P

:c 4 cm’ and ——E— > 12. Estlmatlng 7! from the formula given by

S
i p '
Rose and Clark 2”_we obtaln about 1.5 10 9 sec., S0 that mp T'>>l

'and 2vor"4 1 meter.] From these.numbers, we see that,the case_of;-'

by '
P
©

rinterest-iSH >5. 1, in whlch a great deal of current neutrallzatlon L
'.1s to. be expected. For thls case the 1ength character:.st:.c of the S
:colllslonal damplng effect found by Lee and Sudan22 15 at least of

R by * .

*_.order ~EE+_2vdrﬁ >> 2v T, Therefore, colllsxonal damplng should not

: domlnate the current neutrallzatlon over most of the beam 1ength in the =

"_”fhighﬁcurrentrbeam'prqpagation experlments to_date."
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" V. LONGITUDINAL GUIDE FIELD

In this sectlon we take up “the problem of a uniform electron -

' beam of radlus b, infinite. in the axial (z)- dlrectlon,'ln the presence

of a unlform ax1al magnetlc 1nduct10n B Boéz. We will flnd that _

. if B is much 1arger than the beam s self magnetlc 1nduction, the

electron beam can be expected to propagate..

For this problem, Cartesian coordinates (x, y, z) prove to be

.ﬁthe'most-convenient. TherefOre,'we‘express ‘the beam's self flelds,

. {2.61f) and (2.61g), as

E '=  %e—ghfr)l B - —Eﬂl"—f:ﬂ ‘<4.1>‘-._' :

me b Ly .2naob

_ _ Nev | NV ey
By = zﬁE;z§§? s R T cmedr (4.2)

'V is. the beam propagatlon veloc1ty and N is again the number of
' electronseper meter of.beam. We 1ntend to use these flelds, together ;

WithB » in
U e

under the assumptions.which make' a onifoxm beam self consistent:

IVJ,l << V
[v _-V | << V

s Y = (1—62) % = constant.

52

'j(4;4555
(butb)

;(4;4c1t;f.jf,‘e-e
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'is assumed near one.

'nlq

Under the above assumptions. the equations of motion for a_”

‘beam electron reduce approximately to .

32[(1 ~f)- B.?']X __.e);.B; . (4.53.)

7@2.2 2we b2

- . Nezi(l_f);szly .- ._. :. .. "V.; :'.i i-g ST
Y ':Zﬂadbz‘ _ texB R ._(égﬁb)

:Dr0pped terms are of order vL/c or ]v -V]/c.. A dot represents a SR

“time derlvative_ln these-equatlonsff Deflnlng .}

'_:ﬂ % : : | . - (A.6a)

2yel

=_§§;%%Eg7._(1-f¥e?) e (1-f532).?. S (4.6b) -
_ S N b .

o=ty L o)

" and multiplying Eq. (4.5b) by i and adding it to Eq.(4.5a), results

%Looking:forfédlutions df:thg'-form:Ae;mF, we obtain S

w2 - Q=02 =0, o b))
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u;(if#:ufi':- ‘Thd?tuo rddts'of_this équation are.

'If we take 1n1t1al condltlons ;(t-O) To andc(t O)us-ﬁ,:thén

(t) _ ‘[w_ .e.im-t y 1@_]

We can find x(t) and y(t) from the real and imaglnary parts of E(t)

Consider the limit & 2>>4|92| ~ This is. equivalent to
S P L I ) L e g
.Bo”z[ v]-;‘%ax‘.[".—éf* vy B,
(B l is theiﬁaximum:value of,lB l.).-Iu_thié uasé;'Lj-."
T limaxt S o xR PR
' i T R
e i (4.12b)

sandawé'bbtginu;]”_

o - - i}_ 2. it _92 ) -]._"‘_t 5 - REUU
B =@ et + O ) <ot ] L e,

-“Hence, 1n the large axlal fleld 11m1t we have the sum of two rotations
'..”—--a high frequency gyratlon w1th radius |; |[ Jz <<[§ I about a
. o

";dguiding center Whlch slowly rotates arOund the beam axis with radius R rﬁ?fgt-°i
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These are, of course, superimposed on the'"nniform"'

motion in the z direction with ﬁelocity'V '

‘yields the requlrement :

: IBmaxl:
B >> 25

| (1fsz__f). (414} E

..This is much stronger than the 1nequa11ty (4 11) for a hrgh current

bean. For f—l “the . relation is B >>IB I and we. have a pract1ca1
__11m1t for neutrallzed beam current 1n th1s. model since arbitrarily :
'5large gulde flelds are expen51ve.. Howeter,.ln pr1nc1ple, by
.applylng a large enough gulde fleld arbltrarily 1arge currents‘could
'-be proPagated without the occurrence of catastrophic pinching due

:to the beam' s self field. If in fact [B |=]8 kl, one. would .
fexpect that flux would be- conserved as beam pinchtng beglns to B
h“occur. The axial field w1thin the beam’ would then 1ncrease with _'
”=the square of the orlglnal to final radlus ratlo, whereas the maxlmum

_self fleld 1ncreases only 11near1y with- thlS ratio.' We would then S

have the requlred 1nequality after a moderate amount of plnching.t

i-Therefore, the effect of a 1arge axlal gulde field should be apparent ,'

even 1f the restrlctlon (4 14) is- not strongly satlsfied

In thlS discu831on ‘we have assumed that the axlal magnetlc

,"induction is unlform.--However, the ana1y51s should be applicable S0 _'
'_long as thefchange in_ the gulde f1e1d over a gyro-radlus is small. f'
It also should be noticed that the ;erpendicular motion equation, ﬂ_,".

:(4 13), contalns only Qz ' Thls means that regardless of the.
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's'__i_g'n.-.fof 1-£-52, Eq (4.13) holds; only the direction of the slow
.: ro_tatién ch..':lnge_‘s.‘ One. can tﬁerefore apply.'it to a totally'_unneut-raliz.'ed
beam (£-0) as':.-‘-.well. as toa neutralized bean '(f=1).-.. Applicability
' extends to magnetlcally neutrallzed beams as well with the substltutlon
of l-f 62 (l—f ) for l—f—B2 in 92 In this case, of course, less '

=V;guide fleld 15 requlred 51nce |B ﬁ[ldecrgases. L
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V. DISCUSSION

In the three preceding sections;-we presented'three.mpdels of

' relativ1st1c electron beams which allow: the propagatlon of arbi~

rtrarily large currents w1thin a finite radius. The three models

av01d the catastrophic self-magnetic pinch exhibited by’ electro-

statically neutralized high current uniform beams by three

'distinct physical mechanisms ‘The fully relat1v1st1c self-consistent
'equllibrium does it by concentrating the current density near the
.:”edge of the beam so that beam electrons have left hlgh field regions
dbefore they have a chance to_ turn around on’ themselves. The 1n1tial
“value problem solution suggests that a beam propagating 1nto a high
h“density background plasma w111 av01d the self pinch problem by

3 inducing plasma currents which cancel out the beam s self—magnetlc

field Finally, adding the strong axial guide field to the uniform

'beam,solves the problem by 11m1ting radial excursions by a beam

electron to small .Ones 1n the form of a rotation about the electron s

'gulding center, the radlal p051tion of which is . approximately constant.f:'l

All three of our models serve to explain some experimental

:observations made to date on propagatlng high current relat1v1st1c
Telectron beanms . Erperlments with an axial gulde field being done by
n_Bzura, Andrews-and Fleischmann with the guide field related to the “
: Lmaximum beam self field by IB |>|B 'X] .at varlous ambient pressures, :hb

g .1nd1cate that the guide field does. help with beam propagation.j3 '

Relatively slow beam propagation veloc1t1es observed both by Andrews,__

t 1., 13 and by Yonas and Spence,lz and the beams w1th a shell currentg;'
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wdensity'ebserued'oocasionally by Bradley and Ingram, seem to point to

- the non-uniform equilibrium. Finally, magnetic field measurements

made on high ;‘beams injected into drift regions at pressures above

.1 torr indicate that partial magnetic neutralization'takes'.place,l'z’13

as predieted by theuﬁodel.of Section III{ HoueVer 'none Of.our.nodels

: is. adequate to. explaln all phenomena observed even in a 51ng1e experl— L
-'-_ment. Except perhaps those with magnetic gulde flelds, experlments _.
.'_ to. date have not been performed in such a way that we: should expeet

'complete explanatlon by one of our phy51ea1 pr1nc1ples._ For example,

no attempt‘has-been made-to start a hlgh current beam off with a shell

pcurrent dens1ty into a background plasma very nearly equal to the
- beam den51ty Nor has a systematie attempt been made to study beams
3propagating 1nto hlgh den51ty, qu1escent plaSmas. Instead experlmental
ﬁfgroups usually 1n3ect beams into neutral gas, “and they have found that
afsfor 51gn1f1cant beam propagatlon, amblent pressures of rabove e torrr

‘are necessary. As prev1ously mentloned (Eq. 3 41) this means that

the background plasma denSLty, n', is contlnually bulldlng up. during

an experiment accordlng to

T (35

"(at an ambient pressure of about .5 torr of air andﬂwithfLiin meters),;'
where nﬁ is- the beam den51ty Thus,IWe.ean‘expeet.f. 1 after a half -

-'meter of beam has passed and nf 10n after about flve meters. Wlth

such a rapld bulld-up of plasma in these experlments the model of

"Section II can at best be a state through Wthh the beam—plasma-neutral.uf



59

gas system passes early in the interaction on its way to becoming

'_ 'at least partially magnetically neutrallzed as observed experimentally.

-~ This - 'would also . account fcr'the relatively_slow propagation ve10c1-

 ties_Qbservéd for the beam front.l!2'!3 Ppossibly the 1ihgering.effgcts_
of having_the current density concentréted in a shell eariy'in'the e

: pulse is'the explanation of the Bradley and Ingram pbéervétibns.zo
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_APPENDIX A

We wish to take up here the solution of Eqs (3.14) - (3. 205
of Chapter I1, and the inverse Fourler transformatlon of the elements

of that solutlon. In order to fac1litate this solutlon, we introduce-_._--'

the Cartes1an coordlnate system defined by

-whero5k;iisfthé:componentdof_k_perpendicular'to'éz, and k is the

:magﬁitﬁde of k.. We therefore have

. In this coordinate system, Eq. (3.15) becomes

' .n'ikjé-vl'- '
én = - =

T os—ik v " R | _' Lo (A.3)
: tzlo -

(3 14), (3 19) and: (A 3) together yield the components of _

_Gl_ln terms of the components of ép:

. ( ( Zkzz].:. Zk k Sépzf
oo en |dpy (- T s 2-2 : T R -
: k kce TR :
8§31 = - — — L Sl (A 4a)-w
ey o _ Yom(s ;kzvo)_ o |

2 k kL

632._ y,.m 2k2(S—1k v, ) §-ikzv° |

5j3 - - ﬁm - o | .. .:_: ('A....ll-c_.)

:ou—amP- ]+6m[ _] (A.4b)
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The componments of Sp are obtained in terms of those of SE by combining
Eqs. (3.16) and (3.17) and expanding the cross product. In terms of -

~  the coordinate system defined above, there results

[ (8Eqs+ik v 5E2)E1+(55232"‘5E393)(S‘lk w1 sy
(sulkzvo+l/I) o .

o dp =~

mim

The substitutlon of the components of 6p_ into Eqs. (A 4) and the

‘use of 63_ = cr 6E enable us to obtain the components of g:'

: 2 k 2
':EONP [1 - -7—' Tk ]

.01.1 = (S+1/T_1kzvo)(s“1kzvo) -. o : (A.ﬁa)

o v
R A

s :
| 2Ly PO (55K, v )

.0 . eompz(s-—lk v ) 1, .
Y22 T g(s- ikzv_r_oﬂ-_l/t)

- (Aﬁc) g

2 _,': .
€50 (s :|.kzvo)

933 T 5 {S‘ikz‘fd'*'l/'.f) .

.0.13.= :0_3._1 - 02_3_# 0'32= 0. ! 5 . L (A.Ge) -7 .

" The: electron plasma frequency is

.p: .Yomeo D



' The wave equatlon w1th sources for SE is obtained by cowbinlng

(3 17), (3 18) and (3. 20) ‘and expand:mg k x (k x GE)

spb (k)ik

[kz-l-—z-](SE—k(k 6_) +‘———2'6_]_;—m'2'*" . (A.B)

Eliminating 63 from this equation through éj = g- E. results in L
Y e SE=S181, (A9

- where '8, and ‘r‘i_f_":é}':e defined by

' ié’o. (g)

81 % - o a.10)

il
|
=]
o

1-K%8+—~zg - (A1)

fir
1]
———;
R
B
o+

; is the _'_unj_,_‘t;.'tenédr. Cons:.derlng Eqgs. (A 6), LA, 9) is equivalent to

Yi1 Yz 0| | SEL | | S

.K'Yzz]" Yo, 0 GEQ_ g  =. o 0 . (A-].Z) .

F,

" This is readily ”s_olv,ed :for_:thé "components 'of SE: - |

ep ezl (Ad3)

X ¥e2-Y127

Y1:1Y¥22-Y12

Csmpe0. o ane
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ey = Qfsgjtﬂenwgi#es'fbr the components of 85

T (011Y??'51?Y19)SL

(A.14a)
Y11Y??-Y12 _

sig = (017Y9?'U?7Y]?)SI

L (A.14b)
Y11¥22-Y12° ‘

_ 6j3:= 0. R :. f:'-;' 1(Ail4c)"

~These quantitiee.ate given:ekplicitly in Section:III,.qu, (3;21)—
(3 23) . L : _ R : :

The tlme asymptotic behav1or of these quantlties ls obtained

j_from the Flnal-Value Theorem of Laplace transform calculus, quoted
.;in ‘Eq. (3 24) The results of thlS are glven in. the text in Eqs.

'.{3.27)..-From Fig. 5 and Egs. (A.l),

jﬁ1uw‘
)

e

. k i | _ _ el
é2 -—é k cos(aﬂa) -; k 1n(a-e) + z_k-f?:f- ' _u;_:(A.ISb?

'ffé3ﬂ=_ér'$in(av6) Qfée cos(a—e).'_. ' e e{:“_';_ - (A.lSe} ;3
- Therefore, the Ts Gand z components of 61, 6E and GB and the charge L

: density,_ Sp, from Eqs. (3 27), are

© 8] (k) = _.Dzﬁl eb — o adea) o




e C.Qi.“_“.’:‘-"" A
. for z-zo€0 .

kz

N\ 272550

' Figure 6 - The k, Plane -
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" Contourfor

>Rk,
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RECRE I Lk kw v p, (k)
834 0k, to=) = sin(a-0)—F 202

. (A.16b)

D
o

83, (k) = -

: : 2
' 2. 1Y ens (gab 2 1 P .
kv 2 eos@-e) [k 2 v 21
- : : —Zz 0 - (AJ17a)
.. e D _ AR : :
- . 0 0 ) - .

i 2 i '2( A e BT
C ; lklvo_.pb__(ﬁ)s_m(a-e.) [kZ 1+ kzvo'f) + 'C_-Z . | __
SEq (k,tve) = - — —r e (aaTh)

e. D
oo .
' L w2
. 2 K 2 i _
':_ikzvo pb(h)-[kz (1+kvr) +%] L
- —— — S - — — (A.17¢)
- S0 o . : : SR

- sin(a-_.e) - e CZD . o '
. - O';'_ o R

B &)

. , o

1k _Vowp pb(h) . 7:'
E e‘D

. o

n -

8B '(_Ig;,-t—&m)i. - cos (a-8)

K+ )
8B Gt =0 (A1)
p(k,te) = o, (5 | (K2 - k2 + B | L (Aa19)
SRR o - e

c _ i
voie? (1 57
L Tz

‘lr)c",.-g.given in thetext in Eq.. -(3._28) , can be f__a.(:_tored'éxact.ly.;i the

mz.:."'

(a8

sy

B v wl S Ll o

- where
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kl’z i ¥ Y v 7. T . (A.21)
: o : : . L R .
The unlform beam charge den51ty (Eq. (3. 30)), for which we -
wish to obtain the spatial variation of the quantlties in Eqs. (A.16)-
(A 19) has the Fourier transform . |
pb(k) = —2wnbeb "—————-.f dze zo

=

Jm is the Bessel functlon of the flrst kind and order m.,tIn obtain—
: .ing thls result, we have made use of Eqs. (A 15) and the fOIlowing _;

'“Bessel functlon integ;al representat;ons: f*'
o e A

RN o1k, T cos (o8 o i 3 E o IR, o
'z_{ ’“__ 079 cos(ao)do = fr 5y I, (D) = iNGyn).  (B.230)

~The inﬁerse'Fqurier transform for . the quantity §Q, from Eq. (3.29)'”

- 1is '

. S __”QﬂgidkL-m f _72 ' ik, T cos(a—e) + ik z e ROEEERE
8t = [ o] dkz‘f doe b z sk, ) . (A.24)

SRR
* With the help of
2T

f da sin(a 8)e‘

ik_l_r ae

| ﬁe‘iﬁﬁédiéfélylbﬁtain




.:{/jj:'. o

67
0 ‘*55.5- (x,t5=) = 6E, (x,t) = SB_(x,t>). L aa2e)
Egs. (A;23) impiy that the remainlng quantities are

| ”=k;§3¢31(kir)J1(klb)o Cw o ik e ik, (z-2, )

z 3]

‘o . . Qo .

B .' Sjr=-.n5e_‘t’.wp2vé.j' '21_[ - 'fdzo fdk, z _ ..(.A'-.27a) o

ekl (klr)chkLb)dkL o o w o iky(z-24)
= 2 ok £
nbeb.m. v, f o dz_ f dk ~—5

O 7 R - ——s —a . o

(a.27)
2
nbebv0

O .

ok dk_LJl(k,_r)Jl(k b) o
/- T _ -f.dzo
Q- ’ B .

J—_—Y

6E =

w2

AR 1kz(z—zo) [k Loy By
PR a Doy TES @are)

e e s, on
8 2= o .f = — f.dzo- - S
e o - S R 2 .
' olkz (2 z ) CYPIIEE TR N [V
e 1k [k (1 ZVOT):+ ;C%]I S e

0

ebv I "m w e ;ﬂikz(zszb)‘"';.

8B -————1F_Jl_ f k*dklﬁl(er)Jl(RLb) f dz f el D:: dk;_ge :-pAt27e)

. %% A o -

? dkLJ (klr)Jl(KLb) ? .f ik 'éiké(e—Zb) o

- N -m

-The arguments of all of these functions are (_,t+m) .Since-the f
. 7_k integrals required in. 63 and GE are the z derlvatives of

"those required in GJ and 6E " respectively, we have only three




o time whlch as’ p01nted out to us - by R E._Lee and R. N. Sudan,
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. different'k integrations.to do.a ‘They are easily done by

'-contour 1ntegration and - the Res1due Theorem. Restricting_x

ourselves to a weakly colllsional plasma, we st1pulate '

wyt >>1 B R (¥ 1 )R

and drop terms of order "l;“a¢°mpar5d to 1. HoweVer; in k; and

P .

‘kéﬂwe'nnsttkeep-the fneéinarypparts in order to properly locate

" these poles and to damp the resultant residues. ' In this case, -

‘ Do,hes roots at k3,and¢kqﬂgiﬁen:by

I

@to go'nith”kl and kp. Since we ‘are concerned only with current

:Tneutrallzatlon, we have dropped a pole due to f1n1te c011131on

22 °

" results in the slow decay of 'the current neutrallzatlon._ However, this_n'“'
'._effect occurs on a 1ength scale greater than beam 1engths in the hlgh
B ﬁcurrent beam experlments to date. (See the dlSCUSSlOﬂ at the end ‘of |

-Section 111.) Wlth reference to Flgure 6, “for. z—z0 > 0‘ we‘mnst complete ERO

;sthe ‘contour. 1n.the upper half k plane in order to have convergence on' B

,h*th "inflnlte circle.” ThlS contour, marked w1th single arrows 1n'h_:.
.f_iFigure 6, 1ncludes only’ the . pole ‘at k = kg. For-z-zb <:O the contour,::::'

- must be completed in. the lower half k plane, as - 1ndicated by the

double arrows in Flg. 6.' Thls contour encloses the three poles k

'_klgﬂkz,gkq.f Dropplng terms of order l/wpr the k integrations are
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Cw : ikz(zfzo). o exp( (kL3+~273 (z~z )] _
ek, s - 2z, > 0
: . p : _ .
T e (ke + —ET) (k2 + -‘;P—z) o |
';“Z: - u } : - .0 . 2 . . - (A.30a) |

_ T L 2voT L P N W :

' 5 Y.V e’ © _Sln} v (z-2;) exp[(kl?+—220%'(z—zo)]

21 oo oo o c ez < O

et k;2+—2-z | -%kf%zﬁ(kﬁ%) o

. ik (Z zZ )(k 2_',1 + _.Bi_ B | . ;i
.tr_aéﬁr : 5 w1k, exp[ {x 2+—Bg) (z—z )] _
{ dk S , = - » 272 .>__q' -

o ' o . _. [ 24__&2.)%(1( 2+_22_.)

mge R Ao

S .e2v0191nr-"—(z -z ) ' . } .

C2mk 2y e Yo%, | exp[(k 2-!-3’7) (22, )] i .

R e - it =i, 2=z < 0
sy @ » he
. "':VO ) _vO (k.L2 + ) k 2 ) ) - o

2(k 2+-P-z) (kL2+-Er)

;  ¥.' ik (z -z ) 7 é . L
| : (& 2+—Ez+v k 2y expl- (kLzJ,-E.Z) (z ~z_ >1kj,2<1-y )
':":"T"" axy . . .Do _ ] . : = VOZ . % . g
- ; (, 2+—P-[) k 2+—Ez>
(—Bz +y 2kf) _z:.z.o.
—— ' e 0151n (z -z )
N w .

DA U (kft+'—%v.-.s>_ _°_° R (o

exp[( 2+'P7] (z-z 31

+ k‘*"‘" (l—Y

';_--Dwight27), taking care to break up -the 1nterva1 of integratlon -as demanded

o by Egs. (A.BO)_ Dropping terms of order llpr, we. obtain

bw?2 29z n ,(_."‘-)’ e B2 0
-b 0V T ¥V wpz_. So [ 113 .1 E S AT
SRR T Si?y v, &2 Eﬁlfa'ﬁzrl_(zﬂ’. f;-7_ z<0 =

'.'The z, integrals ‘can now be done usxng standard forms (for example from -



. _ _ (‘:_L* 1‘02. (._z) .
. o i )
5 - I .
E 6j2=—nbev0?0-%-. ) o 'z R
WnZ 'e-?.vo1:| -

Bp = e

" EQ

u, - mah )

Yo o -
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‘?024—2027.__;0?'(2) ,..Z < 0’

: o

' (A . :31:c)=

250

<0, .:- .;

:_>0-.. e

l<0,!'._ '7 oo



71

i \‘ . . ) - 1'- - o ) . . Lo . B
- 8p=n, eb | | (A3
b : 2 2 S :

.2
(l—cos*-p—- 2v°T} [—P‘z‘i’{)o'i"\(oz'{'g ]4—-“3—2-[20?%1‘6(2}) s - z«:{)f

YOVO
rn s ?n and Wn gre the kl_integralsfdefined by
' ' o kl fak g (klr)J (kyb) : : e
rnﬂ'(iz) (r b3 +z) [ [k l"'E’z‘) o (A.32a) -
, [k_,_z-i—ﬂ’——] (k lz_,&_) R

(k*z*ﬁf kf*—“’% S

'f'_ cﬁ;szc)a

il

o . kl dk¢J (klr)gl(klb) R
vt = gt (rsb)

The 1ntegrals E ' and ‘P can be done exactly by a contour integratlon L

'method descrlbed by G N. Watson in A Treatlse .on _the Theory of Bessel

 ', Egn;gigns,2$ on;pag359428—429;. For-thezf 2, we Will have t° settle

" for a bound of order 'e_-%ﬂ ?l. W note that _Since R

&bO) &b)md%¥()l =25 ,atlof
_ _ o z=0 o
the plaSma respons_e q_uantit:ies are conta'._nuoufs _i:.hroug'h.._z-_.=".0,.: The

“relevant. ‘P'g'.:and_z.g ape .
. T n ' TR

5 b L aam
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‘(A.-33a)- o

v ot e e S,
_11(.2-]1(0(2], . b

(A.33b) :

Io( ) Kl(' ) _ T < b

R v -
(o] P o S

o ¢ S0 %  1f2£...fﬁizﬁf?-“TV'7T{:j
lole ) 1e ) 5, Wy 151[~v'lff EE R
S -?fﬁai"-fni. _1L_ _11 GpPy o Bt s b

ERE Rt G L ( )+ 11[ ]K 23, 7
e 1l | Tyt

Lo



_:and JoJl +1> 0. It}is clearﬁthat-'
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o f b» b L
( Illy'g-?.KlL—P"' - 11@9—‘1(1[%(’;‘) I

311; xgi§g5'<._' e T | - .ii '  (A.33e) '

. - R b o . b . .. . .
__L Iziﬂp—_\'Kl.{mf') - 11(2‘;—)1(1 {%‘;—) y . T2 Do

o

1,3 = \rl 99721 .' L (als3)

| Now consider Po.a Sihce lJo(kLr)Ji(kib)[<_1, JoJ1= 1 <0

| 23
o0

1"0 (+z) < ( 24‘_9-_\[ = En..[) i _

""i;:f cA.34)'.'

R I'-_o'z (:z) >f dk.L[JO (k.Lr)Jl(k_Lb) "l] e (1;424—22-” |
| (k 24 4’7) [k 24 Bn.z)

”fNow we may take out the maximum value for the exponential since
. . the upper integrand is always positive and the lower ‘one is

fgve:ywhereEnegative;j”There results

{zo -M] §3e.

'v-whe:e“-

f k_;_zqu.

K 2 +2p.2_( 2;#_:”7;&) RS 7

e
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."f'is:.a'; convergentintegralsince the integrand ‘tends to_ ze,-r,o._as k _‘__?
‘as hl+w.u Better estimates could be made. of.foz than that represented"
...hy'(A;35)« However; they would not emhance the’ important point whlch
"o 1is thatjrg 0 (e . [zl) ".can be handled exactly the same
B : way to obtain the same order result. Slnce ri? '= a-%—-rgz;'anﬂ
. the derlvative w1th respect tor does not affect the z dependence

of the integral, we obtain | T P - o -
2z 1 2 31 : :
e - ol T, R
These mean that for |z|>—— the contrihutlon to the response
. P .
' functions of the F 2 's w111 be negllglbly small _ Since mpt>>l 1mplles o
2v- >>c/w y We drop the F contrrhutionSMasythey~addflittle°to-the—-
; ‘/\ o '.physics of the problem. However,..we lose"continuity: 'of our plasma.
rjresponse functions in the process._ The results to’ this level of
approximatlon are presented in Section III Equatlons (3 31)
: Finally, we wish to’ calculate 6v » From Eqs. (3 14) and’ (3 16)
- 8E_

 This gives the time asymptotic limit

_[kf. +. o i ] | (4.3-.9_-). |

Comparing 6v with GE and GE in Eq. (A 2?), and dropping 0(———9, o

AR .we. obtain _' o T
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* 'APPENDIX B

In'this appendix. we return to Eq.,(3.1)lin.the beam-at;rest
frame and solve our. 1n1t1al value problem w1thout taklng moments.
' We 1ntend to show that this method of attack in the cold plasma
_1imit, glves the same results as found in Section 111, |

'JQIPe llmeari;ed_version of Eq. (3.1) is

R LE S .i"i-'—e(5E+vx53) o - % @D
ot = 3X Jap _ _:r B a_ RS
where o B _ o :
e T )

‘The plasma is streamlng by the beam w1th veloclty -V, é (and-electron'.

‘;ﬂmémentum #poezhz =Y WV, & ), ‘and v >>vé, the electron thermal veloc1ty,
'By,aaaomption.' Consequently,_for £ (B) we'take'the1two.mass”approxr—_l_
rlmation Maxwelllan derived by Watson Bludman and Rosenbluth?® |

f;for a particle stream‘with streaming veloc1ty large compared to 1ts.'

- thermal velocity:

2

The Fourier—Laplace transform of Eq (B;l};‘osing 5£(t=0)=Q.l '

and Eq. (3 l?), is

R SRR :faf e o Celman
-f'(s+iE$E*1/T)5f =fe(§E;“_iﬂﬂf{h?ég))_-'sig-+ Sof *'EIflfl (B.4) -

RN * 3 SR

- © '\r (?.Ti'}g (Y mv_ )3 ' Z(Y mv) o : Yo_' Jo o
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The quantlt:.es ¢f, &n, and 8E are now functions of s and. k.' The

quantities Gn, 83 and g are deflned..in terms of Gf and SE by |
5’“.".“"‘_*“2;.; S s
_Sj_='~§é.f_ﬁ_$fd2,E g;5Eb .11  ‘;. .;..; . '(3;6)
st is.‘t-mor.e- cbnveﬁient éowéfk v;ith .velocit.y.spaééf'ihteg.ra;i.s f:or,_tSnu
a.nd 81, s0 Wlth Watson, Bludman and Rosenbluthze‘we use. ‘the two mass.' |

approxa.mation for 1nd1v1dual electrons W:Lthin the streamlug plasma,

B¥ YWV s Py T, ._,_;~‘f}' o :(3-7)

' to ‘obtain a veloéity space Ma:ﬁaeilian, f{y_)'. ‘The a’pprop_ria't_ely

‘mormalized result is:

'The use of this ‘and Eqs. (B 7) 1n the equations for tSn and Gj_ g1ve

the. des:.red velocity space 1ntegrals for ' 6n and (Sj_

; 5;{# e 6E(s+1k v) 1k(v cSE) af Voo of . d., sa | f dv S
oY) sHE-vHl/T |y cZ Bv, 2l Tt gtikevtl/T

l(B:Q)' 

gy oo [ [REHEWILWIE) o Yo ot g 4
: o - stik-v+l/t . ) oy cz_ v, 2 -
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~ With the _substitu.tion-'_v_ =v ~-veé .

R = B ) = (- i [vi2y 20'2]) (B.11)
® = £@h (2ny 5372 8¥PL7 55 Vi Vg . o
| L oTe e Lo

._and'

7 e =-Dpyereh. 0 @)

Using thegcoordinaté system defined in Eqs (A l) and vector

'i_ relatlonshlps obtalnable £rom Flgure 5, we find

e = ok k 2 - N
. 'ﬁf?&yogvéz = v{2+viZiv 2+(T -l)f-—-v +§— )_, i (Bel3)

Eq;,(ﬁ;g)_canknow~pe written

et (w)dv'
s+1kv1 - ik v, + 1/1J _

6E(s+1kv1-1k v, )-ik (v' —v & ) 5E) SRR '.f _:_ 1   f_f
7 — " o (BJlA) :
Y msv : : s+1kv1 —-1k Vo + l/T _ X f (v )dv a-(‘ : )-

Lo fn=
c .

'3_ Consider a, firSt:

. k.  k1ﬁ TT:k
-——1-*-7[vi2+v§2+v52+w 2-1) (i) )

(va 2)3/2 (s+1kv1 - ik vo + /1)




79

The v§ integral 1s just a Gaussian 1ntegral and can be done immediaiely'
“to give {2nv 2)5 The v§ 1ntegral can be put'in the form of a
Gaussian integral by completing the Square in v} in the exponent._'
This 1eaves the vi integral which can be put in non—dimensional‘
__form by : simple;substitutlon-to give
S iy, y2 o N R
ac'?“l " (21:)i v r(k 2+7 2y Zi} : iY (s-ik v +1/r) (B.16)
S == (2)5 v, (k 2+T Zk 2)5

We now introduce the Plasma Dlspersion Function of Fried and Conte 22

-and its derlvative, deflnedcﬁy

(B.17a)

=
3 T
- [ T

‘ ZP(A}

S4y8) = -1 | === -2(1+AZ (A)) Lo (B.ATh)

B R AT (O
iy, o stk v -~ '.' L
W - sy vy O

(z)év T(k 2+Y 2k 2)?

~ where -

iy (s~1k v +1/T)

Ch- - (8.19) .

é V (k 2+Y 2% 2)%

Similar ﬁanipulatibn ofithe xight_hand si&e of_Eq.f(B,lé):giyés

*
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o - _
(yo l)kzkl(s ikzvo)

; ﬁﬂ?Zé(A)%:fﬁ ) ' S (' 20) R
_ kz;+Y° kg _ A .

_ o 2y mv_‘iks
etole

[sé1+(1kLv°—

To obtain &8} = g*SE in terms of Zp(A)_and_Zé(A),_We:need the -

additional relationships

g 207X z () e e - g
1[ e ey B a2

: kPl S Z (A) . T - .
; lfx e dx = -1-"' -"Jj\z-E"—z - . E T SRR (B.21b) .

'Chéﬁgingidhmmy'vafiable_of integration in (B.10) to v', doing vs',vp' =
‘iﬁtegratidns as,desﬁxibéd'aboveifOr o and-ﬁéiﬁgfﬂqs,-(B.l?)-and‘-'

(B.21), together with a ¢onéiderab1été;5ﬁnt 6f'*aigebra,.finally yield .

 (s.220)

' _ . R )
2w 220 () 20200 B e A I
: : e w “Z'(MN)iky v ket ik v s . S
12 =021 = - 3o zp( ) 'l . [YO s 2l (Be22b)
S T ;Zk Ve % ' kz..’wo.k"g - '-J:‘-~ : _

Ay Am Dk %k 2 (s-ik v ) +-21kzvo(Yo-,;;(SZ;EZVD)Kl.? gy
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\‘_. .'“._: - "”iﬁ%A§§éﬁaix‘A Eqs. (A.13).; (All&),.wefobtaineoethe compoﬁents.*'
| | of GE and Sj_ in terms of the | components of ¥ and -. therefore o. |

:We could substitute Eqs. (B. 22): into those results and write out

. the plasma response functions in complete detail. However, ras we

are primarily interested in show1ng that the present method gives

the results of Section I, we: do not require the entire solutlon.

-._.-Therefore we, will wrlte out only 61 in detail and obtain only 83,

'(_,t+°°) The components of 6_-]_ are.
: L Z'(A)
ipb(_m 2 Wy e % e
=3y Lo {
s c sV e

(k)(k2+~gam 2k v, z w

(_ %0 } L a2

5j2 = 2+Y Zk’L e

_..'“ sa D 2k3

" where

- o hw
Dy = (1'. nrza, ) (T

k _ve %e € . © (kz__ﬂo k—‘-._'-)_- e

22 (ﬁ)k 2[Y v ?k“+21k v s(Y 2-1)y %k k252 (y 2;1)2k22] . o
R Zkzczve‘ a (k 2+Y ?_k 2)2 .- _ , (B.24)

+

To obtain the time aSyrr:ptotic behavmr of the current, we .

‘use the Final-Velue Theorem again and obta:Ln '

k? + '_2—+ 2(k 2+’Y Zk 2) J _'_! L (B.23a) : :
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| (@m 2y, 2Kk v 27 (8)
612'=._ o D 2ve2(k 2+y Zk_z) "_

L (B.25b)

. where

ZI (E)Y hki. V mpz. ] .
E

2v PR 2+y 7 ‘2)2 .(B.26a) - -

Yo (k v +1/T)

2& [k 2+Y 2 2)5 |

. (B.26b)

_And a, is as in Eq. (B. 11) Wlth A replaced by £ and si= 0. Using .

'_Eq. (A 2) to obtaln 63 (_,t+w}, Gj £x, tﬁm) is g1ven by ,”"

aae-—-—[ p (k)m f  2y 2! (a)] IR
— b T 2 0,2, OZP ) . . .:' (3.27)

cov e e

fTaking the uniform beam pb(k) from Appendix A (Eq. (A.22)), the a

' jintegration can be done 1mmediate1y using (A 23) to give 0

'%”f }'"fff © ?nevb e | - ik (z—z ) S
R nb Q_fk-dek_LJl(k b)J (k r)fdz fdk ZD (B 23)
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 where

. p= arDov(kJZ"'YnZk_:.z)Zve AR o wp'ZZ'Eg'g'!
DE L © g iz‘ (g) (e T 2Tyt ) T

2 (Bvo 'l lvp el
[k 2+Y02ki2+ ER? (ag + *—255-9] 2v’icz(kz‘iy Qk 3) - (B.29)
: We-suspect:that the major.contribution.to-the.kz integration _
' "1n.6ji ﬁillrcome Where D nEarly vanishes. Since'zp and.Z'::are
_complex valued functions we require both ReD and ImD near zero.
':?wefwant 6jz in the Weak,collision limlt --.mpr>>1, Therefore we B

3assume kzv >>%- and £ is nearly real 'For'reference,“We plot-the o

;féreal and imaginary parts of Zp(E) and Z;'(E) for real E in Fig. 7.

‘For E near zetro Rezs (E) ~2, ‘and ReD does not vanish. 'i.i

ReDw— -k‘ {H.Zv 2 (i_; c£$ﬁ2£”é}'+5$g§il.;.i -..ﬁ.tf.l.@B;SOjs-
f.thor |E|sl but away from zero, ImZ'.(E) is large; 80" that resonances -
'iwill ‘be prevented where ReD 0.- For |E|>l ReZ' >O and the last
T_;term:in_D 1s_ppsit1ve.. The first term cannot be negative if k2>937
.._sinee [Z'|:<2-and*eé~l._ Thus, resonances will oceur for k2<~32
trand|£|>1,_the latter implying the usa of the asymptotio_expansion ?i :

:'.for zs (g) for !s|>1

ey "é'.z' "75";j o g :a; ~ ?,it o
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By Eq. (B.18),

ak¥ﬁ— i z%@n{;“'iq. ': o (B.32)

Expansion of D in thlS asymptotlc 11m1t gives D res? which to

hmghest order in

T is given by
Rz ol

" Re D
- “res -

A ey IR AU M R
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L Yo Vo coes S
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-gamozq?(;x Yo kztvg e SRR ST

* Since ve2<<v, 2, 2 and [£|2<1, we have

212

: b = 'vo-zi- B kzzkz ( szoT} - "(E'Z'Voz.

o

. YotvgSe Tkgve T’

':“1_3Except for~theiremaining term Edntaining vez,_to highest prder_in[‘

E*%F—, this is the denominator .found in the fluid equation calculation.




"When.we take the limit as v >0, it will be the same denominator.
- Expiicitly, thé:xesdﬁant cbntribution-is

(res) “p nbev L A _ e

res

‘where

2%y v

In the llmit as v *O *E-+ o, the k integral extends from e

(res) .

: Ve
'to‘+°°,'DréS > Do’ and &3 i, > fluld equatlon result, Eq. (A 27b)

It is a simple matter to verify that the ,non—resonant gontributlons

' go'to ZéfO“wheﬂ vé*goes.to.éero;_
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